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In this work, using inverse scattering techniques, the evolution of the single-soliton solution of the
Korteweg-de Vries equation in the presence of perturbations is analyzed. The evolution of the scattering data
is found for the Sturm-Liouville operator, the potential of which is a solution to the perturbed Korteweg-de
Vrries equation.The results obtained are illustrated with an example.The results can be applied to studying
the process of wave propagation on shallow polluted waters.
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NNOCKUE BOJMHbl HA MENKUX 3ArPA3HEHHbIX BOOAX

Ypasboee [IY. — 0okmop @uU3UKO-MameMamu4yecKux HayK, YpeeH4ckul eocydapcmeeHsbil
yHugepcumem, Pecnybnuka Y3bekucmaH

batimarkynos A.T. — Kocmanatickull peauoHarbHbIl yHuUsepcumem, Kasaxcma

PeliumbepaaHos A.A. — kaHOUOam hu3UKO-MameMamuyecKux HayK, YpaeH4ckul eocydapcmeeHsili
yHusepcumem, Pecrnybnuka Y3bekucmaH

B QaHHOU pabome c nomouwbio memoda obpamHol 3adaqyu paccesiHusl npoaHanusuposaHa 360-
Jroyusi 00HOCONUMOHHO20 pelieHust ypasHeHust Kopmeeseea-0e ®pusa rpu Hanuquu eosmyweHul. HatideHa
asonoyusi 0aHHbIX paccesiHus 0ns1 onepamopa LUmypma-fluysunns, nomeHyuasa Komopoeo sernsemcs
pewieHUeM 803MYyUleHHO20 ypasHeHusi Kopmeeeza-0e ®pu3a. [lonyveHHble pe3yrbmambl [pousiocm-
puposaHbl npumepamu. NonyyeHHble pesynbmamei Mo2ym 6bimb npuMeHeHbi 01151 uccriedosaHusi npoyecca
pacrnpocmpaHeHUs 80/1HbI Ha MEJIKUX 3a2psi3HEHHbIX 800aXx.

Knroyesbie crnioga: merikue 3agpsi3HEHHbIE 800bl, 803MyUleHHOe ypasHeHuUe Kopmegeeza-0e ®pu3sa,
memod obpammHoli 3adaqu, 0OHOCOMUMOHHOE peLleHUe.

¥CAK NNACTAHFAH CYNAPOAFbI XKA3bIK TONKbIHOAP

Ypazboee [ Y. — cpusuka-mamemamuka fbiribiMOapbIHbIH OOKMOPbI, YpaeH4Y Memrekemmik
yHusepcumemi, ©36ekcmaH Pecnybnukacsl

baumanrkynos A.T. — Kocmanali ©Hipnik yHusepcumemi, KazakcmaH

PeliumbepeaHos A.A. — chusuka-mamemamuka fbiribiMOapbIHbIH KaHOUGambl, Yp2eHdY MeMiekemmik
yHugepcumemi, ©36ekcmaH Pecrybrnukacsi

byn xymbicma Kepi wawbipay ecebiHiH odiciH KondaHa omebipbin, Oy3binynap 6onraH Ke3de
Kopmeeee-0e-®pu3 meHdOeyiHiH 6Gipconummi wewimiHiH 3somoyusicbl mandaHobl. Limypm-Sluysunn
onepamopsbl YWiH wawbipay OepekmepiHiH 380M0UuUsCsI mabbindbl, OHbIH NomeHyuarnsl Kopmeegez-0e-
®pus3diH by3binFaH meHOeyiHIH wewimi 60nbin mabbinadel. AnblHFaH Heamuxxenep MbicandapmeH
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cypemmerizeH. AnblHFaH Hamuxernep mosikbiHOapObiH ycakK sacmaHfaH cynapda mapasy npoueciH
3epmmey yWiH KoridaHbliybl MyMKIH.

TytiHdi ce30ep: ycak nacmaHraH cynap, Kopmegee-0e-®pu3sdiH by3binraH meHOeyi, kepi ecen adici,
6ip nosuMOoHObI Wewim.

1. Introduction

The Korteweg-de Vries (KdV) equation is the well-known model that was originally derived to
describe shallow water waves of long wavelength and small amplitude. It is widely used in the theory of long
waves, where it describes astonishingly well the main properties of nonlinear waves, even when their
amplitudes are not small. In the derivation, the KdV equation assumed that all motion is uniform in all
directions, along the crest of the wave. In that case, the surfaceelevation (above the equilibrium level h) of
the wave, propagating in the X-direction, is a functiononly of the horizontal position X and of time t, i.e.,
n=mn(xt).

In terms of the physical parameters, the KdV equation has the form

2
a_nzé\ﬁa Lps24,: 1,00
ot 2\Vhox\2 3 3 ox°
Th

1
where o ==h’— , h is the uniform water depth, pis the density of the water, g is the gravitational
P9’
acceleration, « - small arbitrary constant and T stands for the surface tension.
In the Aral Sea water, there is a pollution of the water caused by the sold and the mud, which effects
to the density of the water. As a result, the density of the water is not constant.So, p = p(X,t). We

assume p, <<1.
By rescaling

1 [g¢dr t dx 2
=== X>-|—=n->-2u-—«
2\/;!;\/; !JE 7 3
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Here ¢ is small quantity and £ > 0.

The KdV equation is completely integrable and possesses many remarkable properties, which can
be found in the references cited below. In 1967, Gargner, Green, Kruskal, and Miura [1, pp. 1095-1097] had
proposed the method of the inverse scattering problem for the Sturm-Liouville equation as a method for
solving the Cauchy problem for the Korteveg-de Vriesequation

u_ o 0u, o%u
ot 6x ox°

Shortly thereafter, Lax (see [2, pp. 467-490]) noted the general character of the method. Thus, a way
was found for construction of several other classes of equations that can be solved by similar methods.

In the works [4-6], the Korteweg-de Vries equation and the modified Korteweg-de Vries equation with
the right-hand side in various classes of functions were studied in detail.

The single-soliton solution to this equation (1) takes the form

u(x,t) = —2y%sech® y(x—44°t).

we get

3
u u
Similarly,—6u8—+Fexpression can be written as the commutator of the following
X

operators L = —D? + uand B = -4D® + 6uD + 32—u, that is
X

ou Bl — 62u_

0
Here D = 6_ .Operator L satisfies the Sturm-Liouville equation Ly = kzy.
X
Using inverse scattering techniques, the evolution of the single-soliton solution of (1) in the presence
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of perturbations can be analyzed. The method, developed by Karpman and Maslov [3, pp. 281-291], is based
on perturbation of the scattering data of the Sturm-Liouville equation for the KdV equation.

2. Scattering problem

Consider the Sturm-Liouville equation

Ly=—-y"+u(x)y=K’y,—o0<X<o0, @

with potential function U(X) , satisfying the condition of “rapidly decreasing”

[@+ X)uldx <. @)

The present section contains information on the direct and inverse scattering problem for the
problem (2)-(3), which is necessary for our further statement. The condition (3) provides that equation (2)

possesses the Jost solutions f (X, k) and g(x, k) with the following asymptotic formulas:
lim f (x,K)exp(—ikx) =1, lim g(x,k)exp(ikx) =1, Imk=0.
X—00 X—>—00
The Jost solutions T (X, k) and g(x, k) admit an analytic continuation into the upper half-plane
ImK > 0 via variable K.

When Kis real, the pairs{f(x,k), f(X,—k)} and {g(x,k), g(X,—k)} are pairs of linearly
independent solutions for equation (2). Hense,

f (x,k) = b(K)g(x,K) + a(k) g(x,—kK).

Where
a(k) = =5 W (4K, gx ). @
The function a(k) admits an analytic continuation into the upper half-plane ImK > 0and has a
finite number of simple zeroesk. =iy, (¥,>0), n=12,..., N, meanwhile —;(,f is an eigenvalue
ofLL;

For real K the below equality holds
g(x,k) =-b(-k) f (x,k) + a(k) f (x,—K).
According to representation (4),
g(xiz;))=Bf(xiz,), i=12..,N.
It's easy to check that, the functions
9 (g(x k)~ B, F(xK)
dk =
h.(x) = : aay (5)
a(iy,)
are the solutions of the equations LYy = —;(,fy .By equality (5), we define the following asymptotic
formulas:

h,(X) > exp(y,X). X —> o,
h,(X) > —B, exp(—x,X) . X = —o0.
The set{r" (K), 71, ¥2s-s ¥n» Bis By,..., By} is called scattering data for the problem (2)-(3).
Let the function u(X,t) in (2) be a solution to the KdV equation with the right-handside

ou ou ou
——-bu—+—=G(x,t), 6
ot ox ox° (1) ©)

where the function G(X, t) - is sufficiently smooth and

G(x,t) =0(1), X — too, t>0.
The equation (6) is considered with the initial condition

u(x,0) = Uy (x),

where initial function U, (X) satisfies the following properties:
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1. T (14 %) |up ()| dx < oo,

2. The equation —Y"+U,(X)y =k’y, Xxe R has exactly N number of negative eigenvalues

~24(0), = 25 (0), ..., — 25 (0).
Let us assume that the function U(X,t) is sufficiently smooth and it tends to its limits rapidly enough

when X — +o0 and satisfy the condition

j ((1+|x|}u(x t)|+zl 0 “(X )

I

de <o, (7)

forall t > 0.
As itis shown in [7, pp. 488-492] and [8, pp.1341-1356], the following Theorem is valid.

Theorem. If the potential function U(X, t) is a solution of the equation (6) in the class of functions (7),
then the scattering data of the problem (2) with the function U(X,t) depend on t as follows:

da*® _

8k —— [G(xt)g’dx, Imk =0,
a0 T kel (k)J (xygiax, Im
4B, _g,%8 ——J.G(x D9(x.iz..0h (x,t)dx
dt Zn n 2/1/“_00 ’ 1Zn1 h ’ y

| [Gu (g, t)dx
Ao ___= ,n=12..,N. (8)

Igz(x,i;(n,t)dx

3.Results
2

o°u
Let us apply the result of theorem for the case G(X,t):ga—zand u(x,t) = —2y°sech® z
X

where Z = y(x— &) .Now, we determine the dependence of the parameters of the soliton y and & on time. In
this case, the Jost solution of
—y"—2y°sech® zy = k®y, xe R
has the form

F(xk,t) = SH2NZ oo (©)
K+iy
g(x,k,t) = K22 i (10)
K+iy

Whenk =iy, we have
1
f(xiy,t)= e % sech z, g(X,i z,t) —Eel‘fsechz
Accordingly,
Xyt
B, = 9( 4 ) _ ¥ (11)
f(Xiy,t)
The perturbation of the eigenvalue is obtained from (8), which takes the form

. j Gg?(x,iy,t)dx
Z__ % :—ij'uxxsechzzdz. (12)

a2 [o?xizax ¥
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Using I sech® zdz =gand I sech® zdz = %the equality(12)can be written as

d_ZZ_Eg;f_ (13)

dt 15
The dependence of the phase term on time £(t) is obtained from the dependence on time B, (t) and

relation (11):
dBl dy dé] 24E
—=|25—=+2y—= e .
dt ( ot T
Using (9), (10) and (5), we get

h,(X) = ieﬁE%shZz—;(xjsechz,

(11_?1 _8,°B, - %ezlff [G(xt)(sh2z- 22+ 2772)sech?zdz = €% (87" - %55;(5), (14)

From (14), we can write

df 2 8 4 2
25 4% 227 - 4.
a - 1568( ' -x)

By integrating, we get the following expression
t
E=Ex' 1ot ey —4x)+ Az [ 1 expldxs -4y )dr . (15)
0

By using the expressions for the y and &, we can finally write the solution as
u(x,t)=-2 ‘2+igt _1sech2 ‘2+igt _l(x—
! % "5 % "5

t
&1 5t XAy’ —4x5) — 4y exp(425) [ 1 exp(-4z7)cl). (16)
0

For example, we will solve the following Cauchy‘s problem:

ou ou ou o4

— U —+—=c—,

ot OX OX OX

u(x,0) = —2sech® x.
First, we find a solution of the direct problem for the following equation:
—-y"—2sech® xy = k’y, xe R

As a result, we obtain the following Scattering Data

a(k,t) =F, N=1r(kt)=0, B =1 z =1.
+1
Using the equations (13) and (15) we find of  and & depending ont:

t
£(t) = 1" exp(4y” - 4)+ 4f e dt
0

By using the expressions for the y and & we can finally write the solution as

4 o 4 - 2 t 2
u(x,t)=-2| 1+—et | sech® || 1+—et | (x— e 4| y %6 dr).
()(Ej ,/[Ej(z jz )

4. Conclusion
In this paper, we have studied the properties of the soliton solution of the KdV equation which is used
to describe plane waves on shallow polluted waters, as well as appearing in other applied areas. With the
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changes of variables, this equation has been reduced to the form (1). Using inverse scattering techniques,
we have found the form of a solitary-wave solution to a KdV equation in the presence of perturbations.
Whereas the unperturbed KdV equation has a soliton solution (16). Pollution affects the distribution of waves
on shallow water. In the presence of an increase in density, the amplitude, and speed of wave distribution
decrease.

REFERENCES:

1. Gardner C.S., Grinl.M., Kruskal M.D., Miura R.M. Method for solving the Korteweg-de Vries
equation [Tekst]:/ GardnerC.S., Grinl.M., KruskalM.D., MiuraR.M. Phys. Rev. Lett., 1967. Vol. 19, pp. 1095-
1097.

2. Lax P.D. Integrals of nonlinear equations of evolution and solitary waves [Tekst]:/ LaxP.D.
Comm. Pure Appl. Math., 1968, No.21, pp. 467-490.

3. Karpman V. |.,Maslov E. M. Perturbation theory for solitons [Tekst]:/Karpman V. |.,MaslovE.
M. Sov. Phys. JETP, 1977, 46(2), pp. 281-291.

4. Babadjanova A., Kriecherbauer T., Urazboev G. The periodic solutions of the discrete
modified KdV equation with a self-consistent source [Tekst]:/ Babadjanova A., Kriecherbauer T,
Urazboev G. Applied Mathematics and Computation, 2020, 376, pp. 125-136

5. Urazboev G.U., Xoitmetov U.A., Babadjanova A.K. Integration of the Matrix Modified
Korteweg-de Vries Equation with an Integral-Type Source [Tekst]:/Urazboev G.U., Xoitmetov U.A.,
Babadjanova A.K. Theoretical and Mathematical Physics, 2020, 203 (3), pp.734-746

6. Urazboev G.U., Babadjanova A.K. On the Integration of the matrix modified Korteweg-de
Vries equation with a self-consistent source [Tekst]:/ Urazboev G.U., Babadjanova A.K. Tamkang Journal
of Mathematics, 2019, 3(50), pp.281-291

7. Mel'nikov V.K. Exact solutions of the Korteweg-de Vries equation with a self-consistent
source [Tekst]:/Mel'nikov V.K.Physics Letters A, 1988, Vol. 128, Issue 9, pp. 488-492.

8. Urazboev G.U., Khasanov A.B. Integrating the Korteweg-de Vries Equation with a Self-
Consistent Source and “Steplike” Initial Data [Tekst]:/ Urazboev G.U., Khasanov A.B. Theoretical and
Mathematical Physics, 2001, Vol. 129, pp.1341-1356.

Information about authors:

Gayrat Urazalievich Urazboev — doctor of Physical and Mathematical Sciences, Urgench State
University, 220100 Uzbekistan, Urgench, st. Khamid Alimdjan, 14, e-mail: gurazboev@urdu.uz

Baymankulov Abdykarim — doctor of physical and mathematical sciences Kostanay Regional
University, Kazakhstan, 110000, Kostanay, st.Pavlova, 68 - 5, e-mail: bat_56@mail.ru

Anvar Aknazarovich Reyimberganov — candidate of Physical and Mathematical Sciences, head of
the Department of Mathematical Engineering, Urgench State University, 220100 Uzbekistan, Urgench, st.
KhamidAlimdjan, 14, e-mail: anvar@urdu.uz

ladpam Ypasanuesuy Ypasboee — J0okmop U3UKO-MameMamuyeckux Hayk, YpaeHdckul
eocydapcmeeHHbIl yHueepcumem, 220100 Ys3bekucmaH, e. YpeeHn4, yn. Xamud AnumdxaH, 14, e-mail:
gurazboev@urdu.uz

batimarkynos AbObikapum TyHeywbaesud. — OOKmMop ¢husuko-mamemamu4yeckux Hayk, Kocmarad-
CKUl peeuoHarnbHbIll yHusepcumem, KazaxcmaH, 110000, 2.KocmawHad, [lasnosa 68 - 5, e-mail:
bat_56@mail.ru

AHeap AkHasaposud PeliumbepzaHos — kaHOUOam @hU3UKO-MameMamu4yecKux Hayk, 3asedyroujuli
kaghedpol «Mamemamuyeckasi UHXEHepusi» YpaeH4Ycko20 eocydapcmeeHHo20 yHueepcumema, 220100
Y3bekucmaH, 2. Ypeen, yn. Xamud AnumoxaH, 14, e-mail:anvar@urdu.uz

ladpam Ypasanuesu4y Ypas3boes — cpusuka-mamemamuka FfbiribiMOapbiHbIH OOKMOPbI, YpaeH4
Memnekemmik yHusepcumemi, 220100 ©36ekcmaH, YpeeHd Kanachl, Xamud AnumxaH keweci, 14, e-mail:
gurazboev@urdu.uz

bGalimarkynoe A60bikapum TyHeywbaesud — busuka-mamemamuka fblibiMOapbiHbIH OOKMOPHI,
KocmaHali  ©Hipnik yHusepcumemi, KasakcmaH, 110000, KocmaHal K., [lasnosa 68-5 e-mail:
bat_56@mail.ru

AHeap AkHasaposud PelumbepzaHos — busuka-mamemamuka FfblfibiMOapbiHbIH KaHOUOambl,
YpeeH4y memnekemmik yHusepcumemiHiH "MamemamukarnbiK UHXeHepusi" kaghedpacbiHbIH MeH2epyWwici,
220100 ©36exkcmaH, YpaeHu Kanacbl, Xamud AnumkaH keweci, 14, e-mail:anvar@urdu.uz

59



